A mathematical model of austenite -bainite transformation in austempered ductile cast iron has been presented. The model is based on a model developed by Bhadeshia [1, 2] for modelling the bainitic transformation in high-silicon steels with inhibited carbide precipitation. A computer program has been developed that calculates the incubation time, the transformation time at a preset temperature, the TTT diagram and carbon content in unreacted austenite as a function of temperature. Additionally, the program has been provided with a module calculating the free energy of austenite and ferrite as well as the maximum driving force of transformation. Model validation was based on the experimental research and literature data. Experimental studies included the determination of austenite grain size, plotting the TTT diagram and analysis of the effect of heat treatment parameters on the microstructure of ductile iron. The obtained results show a relatively good compatibility between the theoretical calculations and experimental studies. Using the developed program it was possible to examine the effect of austenite grain size on the rate of transformation.
Introduction
Austempering within the range of bainitic transformation is one of the stages in the heat treatment of ductile iron to produce ADI. When the ductile iron is undercooled to a temperature below 550°C, the transformation of austenite into ferrite ( → ) occurs. For many years there has been a fundamental controversy over the mechanism of austenite transformation in the bainitic range. Bainitic transformation is called intermediate transformation, as it exhibits the characteristics of both diffusion-induced and diffusionless phenomenon [3, 4] .
On the one hand, bainitic transformation is treated as a transformation with the slip boundary formed by shear mechanism [3, 4] , while bainite is treated as a lamellar product of the shear-induced phase transformation [5] . In the case of bainite growth caused by the effect of shear mechanism, various experimental studies are available to confirm that although the growth of bainite needles (stripes) is diffusionless, soon after this growth ends, the excess carbon from bainite is moved by diffusion to unreacted austenite [6] . As a consequence, the austenite is being gradually enriched in carbon until a point is reached at which its further transformation by the shear mechanism becomes thermodynamically impossible.
Model of austeniteferrite transformation 2.1. Concept of the model
The examined model describing the kinetics of the growth of acicular ferrite in ADI utilizes the diffusionless bainite formation mechanism, taking into account the displacement of excess carbon from ferrite to unreacted austenite.
The model was based on a model developed by Bhadeshia [1] for modelling the bainitic transformation in high-silicon steels with inhibited carbide precipitation. The same model was later used by Ławrynowicz [7, 8] for modelling the ADI processing window. The original model includes:  the effect of carbon displacement on the change in free energy under the assumption that with progress in transformation the driving force of the transformation , / changes linearly between the initial (maximum) value 0 , / and the final value , / ;  autocatalytic effectdue to the increased density of nucleation sites with high ferrite volume fraction. It has been found that the autocatalysis factor β is a function of the mean carbon concentration in alloy, since an increase of the carbon content in austenite results in a decrease of the driving force due to the diffusion-induced transformation and thus inhibits autocatalysis [1, 8] ;  influence of austenite grain size L,μm on the transformation rate;  the phenomenon of incomplete transformation,  changes in the volume fraction of bainitic ferrite needles as a function of the transformation temperature. Taking into account the influence of the above factors, the time , , needed to achieve the required degree of transformation may be calculated from (1):
where: -average carbon content in alloy [10] , -austenitization temperature, ℃, -carbon content in ferrite, mole, = / -relative volume fraction of bainite, -actual volume fraction of bainite, = 1 (1 − 2 ̅ ) -autocatalysis factor, 1 , 2 -experimental constants: 1 = 147.5, 2 = 30.327, [1] , -ausferritization temperature, ℃, -universal nucleation function, / e, In the examined model based on the shear mechanism it has been assumed that the inhibition of transformation occurs when carbon enriches austenite to the composition 0 corresponding at the transformation temperature to the 0 curve and the driving force of the shear-induced transformation decreases to zero (Fig.  1 ). The 0 curve represents the location of all points in the temperature -carbon concentration graph where austenite and ferrite (stress-free) of the same chemical composition also have identical free energy. Owing to this, the austenite whose carbon concentration exceeds the value determined by the 0 ( 0 ) curve can not undergo the diffusionless transformation. The 0 curve, modified to take into account the deformation energy in austenite due to the change of ferrite shape at the time of its growth, is called the 0 ′ curve [3, 8, 11] . 
Maximum free energy for nucleation
As mentioned previously, an assumption has been made in the model that with progress in transformation the driving force of the transformation Δ , / e changes linearly between the initial (maximum) value Δ 0 , / e and the final value , / e. As a universal nucleation function was adopted the function developed by Bhadeshia [1] , calculated from formula (8) . On the other hand, the maximum (initial) value of energy (Δ 0 ) was determined from the thermodynamic models based on a CALPHAD method for the calculation of phase equilibrium systems [12, 13] . The CALPHAD method (CALculations of PHAseDiagrams) allows finding a relationship between the content of elements in a system and the equilibrium quantity of stable phases at a given temperature by using Gibbs free energy function of phases occurring in the system. The basic thermodynamic properties of the phase used in the calculations are free energies of the pure components 0 and parameters of influence , of elements dissolved in the phase. The free energy functions of the austenite and ferrite in an Fe-C system were described with a dual-lattice model of Hillert and Staffansson ( , , , , ) ( , ) with elements forming a substitution solution in one sublattice and carbon atoms and vacancies in another sublattice. For austenite = = 1, for ferrite = 1, = 3 [12] .
The free energy of one mole of phase (where means austenite, , or ferrite, ) is represented by equation (11), respectively, [12, 14] 
The residual free energies of austenite and ferrite are represented by equation (19) . is the parameter of interaction between elements dissolved in the phase. 
The contribution of magnetic transformation to the Gibbs free energy of austenite and ferrite is described by formula (20) [ 
where: -Curie temperature, K, -depends on the type of lattice and is equal to 0.28 for austenite and 0.4 for ferrite.
The described procedures for the calculation of free energy have been used in the thermodynamic analysis and to calculate the driving force component of austenite-ferrite transformation in the bainitic range. The maximum driving force of the transformation is related to a difference in the free energy of austenite ( ) and ferrite ( ). Figure 2 shows the equilibrium conditions for both these phases at a temperature . The state of equilibrium is defined by the minimum free energy. For the austenite of composition ̅ , in the state of equilibrium will remain the austenite with carbon concentration and ferrite with carbon concentration . This corresponds to the values plotted by the tangent line which is common to both ferrite and austenite (Fig.  2a ). The change in free energy accompanying the equilibrium transformation of one molar fraction of austenite is Δ → + ′ (Fig. 2a ). On the other hand, the free energy needed to form one molar fraction of ferrite (under conditions: austenite with carbon content ̅ and temperature ) is denoted as Δ 2 . Since one molar fraction of the ferrite being formed is smaller than one molar fraction of the parent austenite, the change in free energy determined as Δ 2 should be larger than the energy required for the formation of one molar fraction of austenite ( Fig. 2a ). It is determined by dividing Δ → + ′ by ( − ̅ )/( − ), which is the molar fraction of ferrite [3, 11, 2] . a) b) Fig. 2 . Changes in free energy during nucleation and growth of ferrite [3] In the case of the examined transformation, the change in the composition of the austenite that remains unreacted is negligible and nucleation involves the formation of only a minimum amount of ferrite. The resulting amount of ferrite is so small that the composition of the residual austenite (parent phase) ( ) is almost identical to that of the primary austenite ( ̅). Then the change in free energy associated with the formation of one molar fraction of the ferrite nucleus can be determined in a manner similar to the determination of Δ 2 , taking, however, into account the fact that in the free energy graph, the tangent to the curve will pass through the point ̅ . Hence the change in free energy during the formation of one molar fraction of ferrite of the composition will be given by Δ 3 (Fig. 2b) . In reality, a larger change in the free energy can be obtained by selecting the appropriate composition of the ferrite nucleus ( ) using parallel tangent lines shown in Figure 2b . This maximum possible change in free energy will be denoted as Δ .
All parameters used in calculations of the free energy of austenite and ferrite were taken from H. Adrian study [12] .
The computer program
The described model has been implemented in the Visual Studio programming environment using C # language.
Input data to the program:  temperature of isothermal transformation, , ℃,  austenitization temperature, , ℃,  percent degree of transformation, , %,  austenite grain size, ̅ , ,  chemical composition. The developed program allows its user to calculate:  time to obtain at a preset temperature the required degree of transformation -TTT diagram,  free energy of austenite and ferrite and maximum free energy of nucleation,  carbon content 0 ′ in austenite as a function of the temperature of isothermal transformation. The results of these calculations are presented in the form of graphs and saved to a file. Figure 3 shows examples of the calculation results. 
Experimental
Experimental studies included the determination of austenite grain size, plotting the TTT diagram and analysis of the effect of heat treatment parameters on the microstructure of ductile iron with the chemical composition given in Table 1 . The austenite grain size was an input data to the developed model. To determine this size, a secant method was used. Samples of 20 diameter and 20 height were heated at 820, 870 and 920℃ for 1 hour and then cooled in water. After heat treatment, the samples were ground and sections were prepared for etching. Etching was done with a reagent composed of 4 g picric acid, 100 ml H 2 O and the addition of a surface tension reducing agent. This reagent reveals the boundaries of former austenite grains. As a next step, photographs of microstructures were taken at various magnifications using a Reichert optical microscope. Austenite grains were measured by the secant method using a SigmaScan Pro computer program calculating the mean of the measured secant lengths (300 to 500 measurements for each temperature). The results of the measurements are shown in Table 2 . GS is a number of austenite grain size according of ASTM scale. Dilatometric studies and TTT diagram developed for the examined cast iron were discussed in [15] . Based on this diagram, 18 heat treatment variants have been planned. A detailed description of these studies and an analysis of the effect of heat treatment parameters on the microstructure and progress in austenite -ferrite transformation are presented in [16, 15] .
Results and discussion
Using the developed program, a TTT diagram was plotted for the temperature range of 240 − 400℃, chemical composition given in Table 1 and austenitization temperature of = 920℃. The obtained results were compared with an experimental TTT diagram [15] , as shown in Figure 4 .
The results of calculations presented in the paper were obtained for a constant austenitization temperature, since the experimental studies presented in [15, 16] , which served as a basis for the verification, used only one austenitization temperature. In the model it is possible to change this parameter in the range of 820 ÷ 950℃, but it does not really affect the TTT graph obtained by calculations. From the analysis of the results obtained it follows that a relatively good compatibility has been obtained for the starting stage of transformation. The differences can be attributed to, among others, small number of points available when plotting the TTT diagram.
On the other hand, significant differences are visible at the end of the transformation. As the experimental studies show, the austenite-ferrite transformation ends much earlier than it results from the calculations made by the developed computer program. Studies have revealed the necessity to refine the constants used in the presented model for example by inverse analysis or to re-plot the TTT diagram.
Verification of calculations of the maximum driving force of transformation (Δ 0 ) and carbon content in unreacted austenite ( 0 , 0 ′ ) was based on the calculations presented by Ławrynowicz [8] , as shown in Figures 5 and 6 . Figure 5 regarding the maximum driving force of transformation leads to the conclusion that calculations made by the developed program are correct. On the other hand, the calculated values of the carbon content in unreacted austenite (Fig. 6 ) show slight differences when compared with the results presented by Ławrynowicz [8] , which may be due to differences in the thermodynamic data used to calculate the free energy of the phases present.
Using the developed program, the effect of grain size on the transformation rate was examined, as shown in Figure 7 . As shown in Figure 7 , the austenite grain size has a significant effect on the transformation rate.
Summary
Computers technologies are an important tool aiding the optimization process of the Fe-C alloys microstructure and properties. There are currently available as a cheap and effective way of optimization, are used for modelling and analysis of phenomena occurring in many areas of research [17] [18] [19] . Computer simulations allow reproducing with the use of mathematical models the course of industrial processes and analysis of properties of the tested materials.
A mathematical model has been developed, implemented and validated to study the austenite -ferrite transformation kinetics. For a given chemical composition, the developed program allows calculating the following parameters:  TTT diagram for a preset temperature range,  free energy of austenite and ferrite,  maximum driving force of transformation,  carbon content in unreacted austenite, It is also possible to examine the effect of austenite grain size on the transformation rate.
The conducted analysis has revealed the need to complete and repeat some of the experimental studies. It is planned to perform further research and modify and extend the model to provide it with an option to calculate the volume fraction of ferrite.
